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This article extends the analysis of laminar mixing driven by a chaotic flow in the presence of diffusion to three-
dimensional open-flow devices by means of the mapping-matrix method. The extended formulation of the mapping matrix
recently proposed by Gorodetskyi et al. (2012) allows inclusion of the molecular diffusion in the mixing process. This
provides an efficient numerical tool for understanding the interplay between a chaotic advective field and diffusion,
especially for high Péclet numbers. As a prototypical open-flow device we consider the partitioned-pipe mixer. Results
deriving from the application of the extended mapping method are compared with Galerkin simulations, and a close
agreement is found. Short-term properties in the evolution of the concentration and the effect of axial diffusion are also

addressed. © 2013 American Institute of Chemical Engineers AICKE J, 60: 387407, 2014
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Introduction

Mixing of fluids is highly important and widely spread
phenomenon, ubiquitously occurring both in natural and arti-
ficially created processes.l’2 Fluid mixing impacts on a vari-
ety of different fields, covering science, industry, everyday
life and so forth. Our attention is mainly focused on the
analysis of mixing related to process industry applications,
where the final homogenized fluid mixture is the outcome of
mixing units that operates either using stirring parts (impel-
lers) or using complex static geometrical structures that mod-
ify the flow configuration (static mixers).? Mixing process
appreciably depends on the flow conditions and on the geo-
metric structure of the mixing device. In many cases, mixing
is associated with turbulent motion, for which turbulent fluc-
tuations enhance fluid mixing.4 However, mixing of highly
viscous fluids, usually associated with polymer and pharma-
ceutical processing,s_7 represents another class of problems
where mixing occurs in purely laminar conditions and often
the resulting flows are Stokesian. This means that the spatial
structure of the velocity field profile does not depend on the
viscosity. In such problems, the efficiency of mixing is deter-
mined by the repeated stretching and folding of material
lines and surfaces due to advective transport of fluid vol-
umes.®” The stretching and folding mechanism is enhanced
if the flow induces Lagrangian chaos in the kinematics of
fluid particles.”'® As thoroughly addressed by a huge litera-
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ture in the last 30 years, laminar chaotic mixing provides a
powerful alternative to turbulent flows.''™"® Stretching and
folding cause rapid reduction of the characteristic size of
zones filled by uniform component, thus increasing the inter-
facial contact area.'*'> This leads to the formation of zones
with small-scale structures, in which molecular diffusion
becomes highly efficient and drives the homogenization
process.

Direct analysis of the advection—diffusion problem is com-
putationally expensive, especially when the geometry of the
mixing device is complex, as for static mixers, so there is a
significant motivation for developing numerical tools for
investigating advection—diffusion mixing that can be applied
to complex flows and generic mixing devices. A variety of
numerical methods has been developed for the investigation,
description, and optimization of mixing in different flow
devices.'*"?

Focusing attention on static mixers, the flow device con-
sists in a set of periodic units, and the same stretching and
folding protocol of material elements repeats in every unit.
For such flows (i.e., for flows possessing either spatial or
time periodicity), Spencer and Wiley?® proposed a method
that describes transport of a conservative quantity from one
state to another by means of a discretized mapping repre-
sented, on a finite mesh, by a matrix ®. Mapping method
has proved its efficiency in analysis of mixing and has been
applied for variety of flows (mixers) that reflect realistic
mixing in industry.*'"*’

The method is essentially based on the accurate tracking
of a set of particles for specified interval of time or space.
The flow domain is subdivided into small cells that are filled
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with particles. The study is restricted to periodic flows, with
period T}, (in time or space). Time-integration Runge—Kutta
scheme is used to advect particles from initial state to their
final position at the end of the period. The results of tracking
are stored into the mapping matrix. The entries of the map-

ping matrix represent the fractions (I)U:A% of markers M,
; :

from donor cell ; donated after one period 7', to the other
parts of the domain, in particular to the recipient cell €; that
received M;; markers. The mixture concentration is described
by the N-th dimensional vector C that represents the coarse-
grained description of the volume fraction (dimensionless
concentration) and each component describes the concentra-
tion locally averaged in the associated cell, where N is the
number of cells in the domain. The mapping matrix so con-
structed allows to compute redistribution of concentration C,
after n period of mixing for any arbitrary initially specified
concentration Co,C,=(®(D(...(® Cy)...))). Constructed by
e ——

ntimes
such procedure mapping matrix concerns purely advective
transport and once computed can be applied to describe the
evolution of the concentration field starting from an arbitrary
initial configuration of the fluid mixture.

There is a major conceptual limitation of the mapping
method described above, which becomes physically relevant
especially when applied to practical industrial devices. It
describes the pure kinematics, thus neglecting the influence
of molecular diffusion. The advective formulation of the
mapping matrix approach has been recently extended by
Gorodetskyi et al.,”® by including the effects of, molecular
diffusion in the construction of the matrix. The method is
based on the stochastic formulation of advection—diffusion
kinematics and on the analogy between stochastic differential
equations and advection—diffusion dynamics. Moreover, Gor-
odetskyi et al. have shown that the purely advective mapping
matrix can be interpreted in a new quantitative way. Coarse-
graining acts essentially as an additional superimposed diffu-
sional contribution, and purely advective analysis, performed
using the advective mapping matrix, provides a reliable
approximation for the advection—diffusion operator, essen-
tially as a consequence of numerical diffusion induced by
the coarse-graining. The effect of the numerical diffusion in
the mapping formulation of chaotic mixing for extremely
large Péclet values were studied by Gorodetskyi et al. 282

The aim of this manuscript is to extend the mapping matrix
formulation in the presence of diffusion to open-flow devices
and static mixers. As a test-case, we consider a classical pro-
totypical model, namely the partitioned-pipe mixer (PPM).

The physics of the homogenization process can be easily
interpreted both as regards of homogenization time- and
length-scales, and the spatial patterns associated with par-
tially mixer structures, by considering the eigenvalues/eigen-
functions of the advection—diffusion operator, or equivalently
of the mapping matrix.

Spectral (eigenvalue/eigenfunction) analysis has found a
wide application in investigation of distributive mixing. Gov-
erning advection—diffusion equation is linear and thus ame-
nable to characterization in terms of the eigenvalues and
eigenvectors of the evolution operator.’® Spectral structures,
associated with the advection—diffusion operator, represent
the backbone around which the evolution of a concentration
field evolves due to the action of advection and diffusion.
Spatial structure of the decaying scalar field rapidly becomes
dominated by the slowest-decaying eigenmode, termed
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“strange eigenmode” Pierrehumbert,' to which many studies
have been dedicated.'®*?~"

In Refs. 18 and 38, analysis of the strange eigenmodes of
advection—diffusion operator in two-dimensional (2-D) lami-
nar chaotic flows has been performed. The connection
between the spectral properties of the mapping matrix and
the advection—diffusion operator has been revealed by Singh
et al.*> on the purely advective limit of the scalar transport.

The article by Gorodetskyi et al.?® provides a platform for
including the effect of molecular diffusion within the
mapping-matrix formalism. This article develops the analysis
by considering a prototypical toy-model, namely the time-
periodic sine flow (TPSF) defined on the 2-D torus.*® In the
present article, we extend the theory and the application of
the diffusive mapping matrix from simple 2-D flow to more
complicated, realistic 3-D open flows, using the PPM as a
prototypical system.

The inclusion of diffusion in the classical kinematic for-
mulation of the mapping method gives a valuable contribu-
tion in the investigation of mixing problems, providing a
closer correspondence between simulations and experiments,
that is, the “real” advective-diffusive mixing, where diffusion
is the ultimate driving force to homogenization. This allows
a much more accurate prediction of the outcome of a mixing
process, hereby reducing time and energy costs when real
industrial devices have to be analyzed. Conversely, spectral
analysis of the diffusive mapping matrix allows detailed
investigation of the interaction between advective and diffu-
sive transport in the fluid mixing, giving a clear understand-
ing of the role of the diffusion and its influence on the
results of the mixing.

Extension of the Mapping Method to Advective-
Diffusive Transport

Diffusive mapping matrix

The original mapping method concerns purely advective
transport. The inclusion of molecular diffusion within the
method extends its domain of application and allows the
investigation of realistic mixing devices.

The Lagrangian motion of a passive fluid particle in a d-
dimensional flow domain M is affected by two factors: the
advective contribution associated with a given stirring
mechanics described by a velocity field v(x, ), and the influ-
ence of random fluctuations at a molecular level that, in a
continuum Eulerian formulation, give rise to diffusive Fick-
ian fluxes.

At a microscopic level, the interplay between advection
and diffusion is thus described by the nondimensional sto-
chastic differential equation®'*?

dx(t)=v(x(1), t)dt+ \/gdé(t), (1)

where v(x) is the nondimensional velocity field, and dé&(r)
are the infinitesimal increments of a d-dimensional Wiener
process (d=2,3 is the dimension of the flow-domain), that
is, of a vector-valued stochastic process &(7)=(&,(r),

-,€4(t)) in which &, (¢) and & () are one-dimensional (1-
D) stochastic processes independent of each other for 4 # k,
and possessing uncorrelated increments distributed in a nor-
mal way. Equation 1 is equipped with the initial condition
x(0)=xo.
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Let P(x,t/xo) be the probability density function (pdf)
associated with the stochastic process 1. For notational sim-
plicity, we indicate this quantity as P(x, ), omitting the ref-
erence on the initial condition xo. The pdf P(x,?) satisfies
the partial differential equation®?

OP(x, t)
ot

V- (vx,0)P (x,t))+éV2P(x7t), @

that coincides with the classical nondimensional advection—
diffusion equation, where Pe is the Péclet number.

The correspondence between the Lagrangian stochastic
kinematics 1 and the Eulerian advection—diffusion equation 2
provides a straightforward method for extending the mapping
techniques to account for molecular diffusion, by simply
updating the construction. More precisely, the entrles D;; of
the diffusive mapping matrix are still given by M’ but M;; is
now the fraction of markers arriving at cell Q; from the 1n1-
tial cell €; driven by the stochastic differential equation 1.

The stochastic differential equation 1 can be solved numeri-
cally by means of an Euler-Langevin explicit scheme.**** Let
h be the time step, x,=x(nh), and v,(x)=v(x,nh). The
Euler-Langevin solver for Eq. 1 is simply given by

[2
X1 =X, +V,h+ %hl/zrn, 3)

where r,=(ry,,...,rq,) is the realization of a d-dimensional
normally distributed independent random variable. This
means that the d random variables ry,,...,rs,, are inde-
pendent of each other and distributed according to a Gaus-
sian distribution with zero mean and unit variance.

Open-flow devices

In the case of open-flow devices, such as static mixers,
the steady state mixing properties are particularly interesting.
Consider a generic static mixer obtained by the spatial repe-
tition along the axial coordinate z of a given mixing unit,
and suppose that the advecting field is steady. The velocity
field consists of an axial component w(x) along the coordi-
nate z and of a transverse component v, (x) along the trans-
verse coordinates x;=(x,y). Let us assume that
nondimensional axial coordinate z has been obtained by
rescaling the physical axial coordinate per the length of the
fundamental mixing unit L, and the nondimensional trans-
verse coordinates x; are the physical coordinates of the
transverse cross-section X7 of the mixing device divided by
a characteristic transverse length W.

At steady state, the advection—diffusion equation for a
nondimensional concentration-field ¢(x) becomes

dc(x) _

w(x) A 1 8c(x).

o?Pe 0z2

“)

where the Péclet number Pe =tgif /f,ay 1S the ratio of the
characteristic diffusion time tgi =W? /D, D being the diffu-
sion coefficient, and the characteristic advection time
taav =L/Vo, Vo being a characteristic axial velocity. In Eq. 4
o=L/W is the aspect ratio, and is usually much larger than
1. Observe that the aspect ratio o in the advective contribu-
tion —v, -V c has been included in the definition of the
nondimensional transversal component v .

If > 1, and Pe is sufficiently high, the contribution of
axial diffusion is negligible, so that Eq. 4 simplifies as

—v,(x): V. oe(x)+ %Vic(x)—i—
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Oc(x)
0z

As can be observed, Eq. 5 is formally very similar to the
evolution equation for a closed-flow system, defined onto the
transverse cross-section Xr, in which time ¢ is replaced by
the axial coordinate z, and the contribution of the first-order
derivative dc/0z is modulated by the axial velocity profile.

In this case, mapping analysis reduces to a coarse-grained
description of the distributive action between the inlet Xt ;,
and the outlet cross-section Xt o, of the unit mixing modu-
lus forming the static mixer. As X7, and X, are identical
(Z1in =27 0ut =27), let us sample these cross sections with a
system of cells {Q;}, and construct on X the entries of the
inlet/outlet mapping matrix based on the partition {€}.
More precisely, the kinematic of an advecting-diffusing par-
ticle in the limit of negligible axial diffusion is given by

(0=, (5,0), 2028, 0),
WO 0),20)d,

where &, (1)=(&,(1),&,(r)). As an initial condition x, (0) €
rin, and z(0)=0. The stochastic differential equation 6 is
integrated unless at a time ¢, z(t*) € 1y, and the corre-
sponding value of the transversal coordinate x, () is used
to estimate M;; starting from an ensamble of initial transver-
sal position lying in ;.

In a similar way, if axial-diffusion is accounted for, the
same computational strategy is used, but the stochastic
dynamics for fluid particles is given by

dx (1)=v(x,(t),z(r))dt+ \/gdg(z),

d=(0)=w(x. (¢), 2(8) )i+ /azie (D),

where &.(r) is a 1-D Wiener process uncorrelated from the
2-D transverse process &, (¢). It can be observed, that the
stochastic construction of the diffusive mapping matrix in
the presence of axial diffusion—Eq. 7—does not require the
enforcing of any boundary condition at the inlet/outlet cross
section. Indeed, it corresponds to the propagation of the con-
centration field along the static mixer as if it was infinitely
extended.

The diffusive mapping matrix is a stochastic vector-valued
variable in itself, as its entries are the outcome of a stochastic
process. To obtain a stable averaged quantity, N, particles are
placed (uniformly distributed) within each donor cell of the
construction process. For large values of N,, the diffusive
mapping matrix so constructed converges toward the inlet/out-
let propagator of the advection—diffusion equations (for values
of Pe at which the effect of numerical diffusion is negligible
with respect to molecular diffusion—see next paragraph). In
the present case, a preliminary analysis showed that Np=102
is sufficient for obtaining stable averaged diffusive matrices.

In the numerical integration of Eqgs. 6 and 7 via the Euler-
Langevin scheme (Eq. 3), we use h=1072, and reflection
conditions for the particle trajectories at the solid walls of
the device.

w(x) =—v,(x)-Viyc(x)+ %Vic(x). Q)

(6)
dz(1)=

@)

Effect of numerical diffusion
128

In the article by Gorodetskyi et al.,” it has been shown
that coarse-graining in the mapping formalism acts as a
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superimposed diffusive contribution that adds to the mixing
process. Quantitatively, the effect of numerical diffusion can
be expressed by introducing an effective Péclet number
Peo¢r. By definition, for a given mesh, the effective Péclet
number is the value of the Péclet number associated with the
purely advective mapping matrix and is a consequence of
coarse-graining. For triangular meshes (as well as for struc-
tured ones) of increasing resolution (i.e., for increasing N,),
Pe ¢ is a function of the linear lattice size of the mesh*®?°

Pe.i ~ poN?, ®)

where the prefactor py is constant and depends on the flow
protocol, and N.=1/Ax, where Ax is the linear size of the
element in the mesh. In this article, we use equilateral trian-
gular mesh. Elements are aligned with rigid physical hori-
zontal and vertical boundaries of the mixer. An example of
low-rank mesh, that consists of 790 elements and corre-
sponds to lattice size Ax=0.1, is depicted in Figure 1.
Unstructured triangular mesh is generated using Gambit. As
the cross-section X is 2-D, the quantity N2 is proportional
to the total number of cells used in the construction of the
mapping matrix.

Therefore, for any mesh, the diffusive mapping matrix
describes an advection—diffusion process acting at a value D
of the diffusivity, where D is the sum of the molecular diffu-
sivity D and of the numerical diffusion coefficient Dy, .
Correspondingly, the actual Péclet number Pe is
Pe =Pe '+Pe_!, where Pecy=W?/Dyyn is the Péclet
number associated with Dy .

Equation 8 provides the quantitative characterization of
numerical diffusion generated by coarse-graining. It allows
application of the purely advective mapping method for
studying transport in chaotic flow, making direct connection
between the analysis of advective mapping matrix and the
properties of the advection—diffusion equation.

The effect of numerical diffusion can be appreciated by
considering the characteristic decay rate toward the uniform,
fully homogenized profile. Let 4, be the second dominant

Figure 1. Typical triangular mesh used for simulations.
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eigenvalue of the mapping matrix (the first eigenvalue equals
1 by mass conservation). Along the static mixer, any integral
norm Nlc](z) (such as the square-root of the variance) associ-
ated with the concentration field ¢ evaluated at the value z of
the axial abscissa decays for generic initial condition as

Nlc](z) ~ Tpe ™, )

where A is referred to as the dominant decay exponent. Let
App be the mapping-matrix approximation of A. The quan-
tity A is related to 4, by the equation

_log |4,
T,

A= (10)

where |/, is a magnitude of the second dominant eigenvalue
and T, is the spatial period of the flow.

From the spectral (eigenvalue) analysis of the mapping
matrix, it is possible to determine the value of the prefactor
po- This calculation has been developed by Gorodetskyi
et al.,”® and it is not repeated here. Below the final result is
succinctly reported, as it is relevant for the further analysis
of mixing in open-flow systems.

Let us consider a flow system for which, over a consistent
range of Péclet number values, the dominant decay exponent
A(Pe) decays as a power law

A(Pe) ~ AgPe an

where Ag is a constant and f§ € [0, 1]. As discussed in Ref.
38 and in the subsequent literature, the occurrence of the
scaling law 11 for the dominant decay exponent is a generic
feature of laminar chaotic and nonchaotic mixing systems.
This typical behavior characterizes also the spectral proper-
ties of advecting-diffusing dynamics in PPM protocols, as
discussed in later paragraph.

Let us indicate with Ay, (Pe;N.) the dominant decay
exponent of the diffusive mapping matrix at a value Pe of
the Péclet number for a mesh resolution N, and with
A;]p (N.) the corresponding quantity of the purely advective
mapping matrix for the same mesh resolution N.. Then, the
prefactor p, can be estimated numerically from the
equation

. N\
Amp (Pe s N)=AS, (NL.)(I%+1) . (12)
(&

The value of the scaling parameter [ can be obtained
directly from the analysis of purely advective mapping matri-
ces.”® Values of App are determined from the diffusive map-
ping matrix and Afnp from purely advective mapping matrix
according to Eq. 10. Therefore, Eq. 12 defines a single-
parameter curve, relating Ay, (Pe;N:) to Pe, for fixed N,
that is, for a given mesh, in which the only unknown parame-
ter is just the prefactor py. Determined for a coarse mesh, pre-
factor py remains fixed for a finer mesh at the same flow
protocol. The graphs of Eq. 12 for several typical PPM proto-
cols discussed further.

From the definition of the effective Péclet number and
from Eqgs. 8 and 12, it follows that Pe .y is the value of the
Péclet number (associated with molecular diffusion) at which
the strength of numerical diffusion equals that of molecular
diffusion. As a consequence, to keep numerical diffusion
negligible with respect to molecular diffusion, the value of
Pe should be at least one order of magnitude smaller than
PolN>.

January 2014 Vol. 60, No. 1 AIChE Journal



There is another major byproduct of the analysis devel-
oped in Ref. 28. In the case one is interested to very large
Péclet values, it is computationally convenient to consider
the purely advective mapping matrix for high mesh resolu-
tions. Owing to numerical diffusion, it permits to simulate
advection—diffusion processes at a value of Pe corresponding
to the effective Péclet number pertaining to the chosen
mesh. As commonly py ~ O(10), for N, > 10°, it permits to
simulate mixing dynamics for Pe =Pe .¢t > 107.

Problem Definition
Partitioned-pipe mixer

As a model of realistic, physically realizable, chaotic
open-flow devices, we consider the PPM in the classical
flow-field approximation proposed by Khakhar et al.** The
PPM has been originally introduced as a simplified model
mimicking the relevant qualitative features of the well-
known Kenics static mixer.>*?>#34¢ It consists of a cylindri-
cal pipe partitioned into a sequence of semicircular ducts by
means of rectangular plates of length L fixed perpendicularly
to each other (Figure 2).

The PPM model is essentially a three-dimensional (3-D)
spatially periodic flow with period 2L. It involves two super-
imposed, independent, flow fields: a cross-sectional (rota-
tional) velocity field and a fully developed axial Poiseuille
profile in each semicircular duct. Such partition enables the
reduction of the 3-D flow to a 2-D mapping between the
inlets of the periodic mixing units. The flow in semicircular
ducts is induced by a constant pressure gradient and shear
stresses caused by uniform rotation of the cylindrical wall
with constant axial velocity Q, while inner plates are fixed.

The approximate cross-section velocity field based on a
one-term approximation of the stream function is given by**

v (r,0)= ﬁppm r(1—r")sin 20=ﬁppm v (r,0)
vo(r,0)= —Bopm (2—(2+7y)r")sin 20=ﬁppm vo(r,0)

where y ~ 0.915.

The fluid dynamics and transport properties are controlled
by a single parameter ﬂppm, introduced by Khakhar et al.*
as a “mixing strength”

Figure 2. Schematic view of the PPM.
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_4QL 13
Prpm 39VapR’ (13)
where V), is the average axial velocity, and is a measure of
the strength of the transverse velocity component with
respect to the mean axial velocity.

The normalized axial flow is a pressure-driven flow in a
semicircular duct, the expression of which in cylindrical
coordinates reads

e [\ N2 sin [(2k—1)0)
wr0=2 [<1—3) _(ﬁ)}(zk—l)m—(zk—mz]' (9

k=1

The PPM flow possesses a complex structure that can be
explored by considering the Poincaré sections of the Lagran-
gian dynamics associated with the kinematics of fluid ele-
ments and, as will be discussed below, by developing the
spectral analysis of the mapping matrices built for different
values of the parameter i, .

Advective properties of PPM

PPM never accomplishes a globally chaotic state. Conse-
quently, islands of regular motion always coexist with one or
more chaotic regions.** Poincaré sections associated with the
Lagrangian kinematics of fluid particles provide the simplest
way to reveal chaotic and regular zones. Regular zones (also
referred to as quasiperiodic islands) are invariant subsets, char-
acterized by a vanishing maximum Lyapunov exponent. In the
absence of the diffusion, owing to invariance, there is no mate-
rial transfer from/to the quasiperiodic islands and the chaotic
regions, that is, there is no material flux through the boundary
of the islands. The purely kinematic description of mixing
neglects this important feature (i.e., the material flux exchange
between chaotic and regular regions), which controls the large-
distance homogenization process in real mixing equipment.

In point of fact, one of the main motivations of this article
is investigation of the material exchange through the bounda-
ries due to the diffusion mechanism, ipso facto assigning the
role of the diffusion in the mixing process.

The flow is spatially periodic in the axial direction. To
build Poincaré sections, low resolution triangular mesh (equi-
lateral triangles), that contains N =760 elements, was
selected (see Figure 1). In the center of each element a sin-
gle particle is placed and tracked for 200 periods. Poincaré
sections are generated as projection of all intersections after
each periodic unit z = 2kL (k= 0,200), on the plane parallel
to the surfaces. Poincaré section was built for several flow
protocols and is depicted in Figure 3.

Poincaré sections exhibit a complex structure for all the
values of the parameter ﬁppm, with chaotic regions inter-
spersed between regular islands. For small values of ﬁppm,
see Figure 3 panel a and b, regular islands of different sizes
occupy almost the whole cross-section of the flow domain.
Increasing f,,,, larger quasiperiodic islands shrink in size
and smaller structures disappear, see Figure 3 d, e. For
ﬁppm =8, the flow outside the two large islands seems to be
chaotic almost everywhere. Increasing B, to By, =10,
other large islands appear, reducing the extension of the cha-
otic region. Increase of B, up to B, =20 leads to a fur-
ther decreasing of the size of the regular zones.

The inclusion of diffusion into the description of the mixing
process gives qualitatively new results. Invariant for the purely
advective transport, small-scale regular zones can be partially or
completely destroyed, depending on the diffusivity of the
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(d)

Figure 3. Poincaré sections for different values of mixing strength f,,... Panel (a) corresponds to f,,,=1;
(b)Bppm =2; (C)Bppm =4; (d)Bppm =8; (e)l}ppm =10; (f)Bppm =20.

mixing fluid that leads to a more realistic analysis of mixing
than the purely kinematic analysis. These statements are sus-
tained by the eigenmode analysis addressed in the next sections.

Quantification of the mixing quality

As a quantitative criterion for analysis of the mixture
homogeneity, with the coarse-grained mapping formalism,
the discrete intensity of segregation Iy is chosen.'*’ It is
computed on the discrete concentration field obtained by the
mapping method and expressed as follows

Ni:1

RS _
li==(1-C)5 > (C=C), (15)
where C; indicates the coarse-grained concentration in the
i-th cell ;N is the total number of cells in the cross-

section of the flow domain and C represents the average
concentration

_ 1
C = Zc,-. (16)

The intensity of segregation /4 is a measure of the deviation
of the local concentration from perfectly mixed condition,
which represents a homogeneous state of the mixture. The value
of I, is limited in the range Iy € [0, 1]. For completely segre-

392 DOI 10.1002/aic

(e)

Published on behalf of the AIChE

(f)

gated systems, Iy = 1. As the mixing process proceeds, the
value of the intensity of segregation gradually decays to /4 = 0
reaching perfectly mixed state, when the concentration in each
cell C; equals the average concentration C in the flow domain.
The intensity of segregation is a coarse-grained quantity
approximating the square of the L*-norm ||c—¢||.(z) of the
zero-mean concentration field ¢(x,z)—¢ in the continuum
limit, evaluated on the cross-section Xt of the static mixer

le =2 l7:() = | (c(xL,z)—o)dx..@
Is,

1

et 5,

Therefore, for large z and for generic initial conditions, I,
decays exponentially as a function of the axial coordinate z
with an exponent twice as large as the dominant decay expo-
nent Apyp

C(XLdXL,Z)dXL. (17)

Ly(z) ~ e~ HAm?, (18)

The intensity of segregation, provides quantitative criteria
to characterize the decay rate of concentration field along
the axial coordinate, for settled inlet concentrations. A more
general approach, independent of the initial conditions, for
characterizing the decay rate of scalar fields can be grounded
on the spectral properties of corresponding mapping
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matrices, and particularly on the analysis of dominant
eigenmode(s) as a function of the Péclet number. This
approach is thoroughly addressed in the next sections.

Advective-Diffusive Transport: Eigenmode
Analysis of the PPM

In this section, the connection between the mixing proper-
ties and the eigenmodes obtained by the diffusive mapping
matrix as a function of the Péclet number is investigated.
The behavior of the dominant eigenvalues and the properties
of the associated dominant eigenvectors are particularly rele-
vant, as they control the asymptotic decay for large z.

To validate quantitatively, the diffusive mapping matrix
approach, the comparison with the corresponding results
obtained from the Galerkin expansion (see the Appendix for
details) of the continuum advection—diffusion operator is per-
formed. The analysis is developed by considering negligible
axial diffusion. The influence of axial diffusion is addressed
in separate paragraph.

Comparison with continuum advection—diffusion results

Due to the linearity of the advection—diffusion equation,
the evolution of the concentration field is simply determined
by the properties of the eigenvalue-eigenfunction spectrum
associated with the advection—diffusion operator.38 The
detailed analysis of spectral properties of the advection—dif-
fusion operator in the case of simple TPSF has been pro-
vided by Cerbelli et al.*® In Ref. 28, Gorodetskyi et al.
developed a quantitative comparative analysis of dominant
decay exponent A obtained considering a Fourier-series
expansion of the advection—diffusion operator and Agyp
deriving from the diffusive mapping-matrix approach for the
TPSF. The results so obtained showed that up to a critical
Péclet number, which depends on the discretization, mapping
method provides a reliable and accurate estimate for the
eigenvalues of the advection—diffusion operator.

It is interesting to extend a similar analysis to more realistic
flow, such as the PPM. The Appendix, added at the end of this
manuscript, provides a succinct but comprehensive description
of the Galerkin expansion of the advection—diffusion operator
in the case of the PPM. As shown below, the comparative anal-
ysis of the dominant decay exponents (A vs. Ay, ) confirms the
results obtained in Ref. 28 for the simpler TPSF, and support
the claim that the diffusive mapping matrix approach is a
robust and simple computational tool for predicting the spectral
properties of the advection—diffusion operator, and ultimately
for quantifying mixing processes in the presence of diffusion.

Figure 4 depicts the typical behavior of Ap, vs. the Péclet
number Pe for the PPM flow at several values of ﬁppm, and
compares it with the dominant decay exponent A in the con-
tinuum limit approach. Markers “<&7, «“O”, “J7, “A” corre-
spond to different lattice size Ax of the mesh. Specifically,
“O” refers to Ax=0.1, “O” to Ax=0.05, “[1” to Ax=0.05,
and “A” to Ax=0.015. Markers “@” depict the results of
the Galerkin expansion of the continuum advection—diffusion
operator, by using the approach described in the Appendix.

For sufficiently large Pe values, the dominant decay expo-
nent A follows a power-law dependence on Pe, described by
Eq. 11. Therefore, Eq. 12 applies for describing the func-
tional dependence of A, on Pe.

In all of the considered PPM protocol (Bppm:1,4,8, 10),
the values of Ay, practically coincides with A up to a given
critical Péclet number, approximately equal to Pe g /10, that
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depends on N.. Increasing Péclet number, A, saturates
toward A;np of a purely advective case as predicted by Eq. 12.

As can be observed from the description developed in the
Appendix, the computational analysis of PPM by means of a
direct Galerkin expansion of the advection—diffusion operator
is extremely onerous and its practical implementation is
time-consuming. Its practical application is further limited to
values of the Péclet numbers (Pe ~ 10°) as for higher Pe
value the resolution of the spatial concentration gradients
requires the inclusion of a very large number of modes in
the Fourier expansion, making the direct Galerkin approxi-
mation practically prohibitive. We use Ng=50 for Pe < 10>
up to Ng=120 for Pe =2X10* and higher, corresponding to
a total number of Fourier modes [(NF+1)2] ranging from
2601 up to 14,641. Nevertheless, the dominant decay expo-
nent A for large Péclet values finds an accurate approxima-
tion by A, simply by refining mesh resolution.

For a given mesh structure and a given flow protocol, the
prefactor p, entering Eq. 8 can be estimated (the numerical
analysis of prefactor p, for different protocols of the PPM
flow is addressed in next section). Consequently, the value
of the effective Péclet number can be predicted, and by sim-
ply implementing the purely advective mapping matrix for
increasing mesh resolutions (increasing N,.) it is possible to
make an accurate estimate of the spectral properties of the
continuum advection—diffusion operator.

Figure 5 depicts the comparison of A;]p (dots @) and A
(dots “O”) as a function of the effective Péclet number for
four typical protocols of the PPM flow. Comparing Aﬁ]p and
A, we set Pe =Pe.y for the data obtained by using the
purely advective mapping matrix. Modulation of the
advective-diffusive process at low Péclet numbers via purely
advective mapping matrix requires very coarse mesh, that
eventually effects accuracy of the spectral results. To vali-
date a mapping approach data from diffusive mapping matrix
(Amp) is considered (markers”+").

This comparative analysis shows an excellent quantitative
agreement between A; =~ obtained from the purely advective
mapping matrix and A associated with the continuum
advection—diffusion operator.

Table 1 review the values of the scaling exponent f§ defined
by Eq. 11 for the PPM flow protocols considered. As can be
observed, for 8, =4 and f8,,, =10, a crossover phenomenon
occurs, namely as Pe increases the power law scaling shifts to
higher values of 8. For example, in the case of f3,,,, =10, one
observes the scaling A ~ Pe % with $,=0.56 in the range
Pe € (2X10?,5X10%),  while  for  higher = Pe €
(6x10%,10°), A ~ Pe %> with ,=0.83. This crossover phe-
nomenon seems to be a generic property of advection—diffu-
sion operator in partially chaotic flows (i.e., in flows
possessing quasiperiodic islands of nonvanishing measure), as
thoroughly addressed in Ref. 29. More precisely, a thorough
analysis developed in Ref. 29 for prototypical model flows up
to Pe =10% have shown that in the presence of quasiperiodic
islands the dominant decay exponent eventually sets into a
purely diffusive scaling A ~ Pe ~! (starting from Pe ~ 107 or
higher), and that the associated eigenfunction becomes fully
localized on the quasiperiodic islands.

The analysis developed above for the dominant eigenmode
can be extended to the higher-order eigenvalues. Figure 6
provides an analogous comparison for A; deriving from the
Galerkin expansion and Aj_, associated with the purely
advective mapping matrix for the third (k =3, markers “[1”
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Figure 4. Dominant decay exponent of the diffusive mapping matrix Amp (markers “&,” “O,” “0,” “A” correspond
to different mesh resolution) and A (dots “®”) vs. Pe at f,,,,=1 panel (a); B,,, =4 panel (b); B,,m =8
panel (c); B,pm =10 panel (d).

Solid lines represent the scaling of the dominant decay exponent A of the advection—diffusion equation, dotted horizontal lines cor-

c

respond to the limit values A7

and “IW”); fifth (k =35, markers “$” and “4€”); tenth (k= 10,
markers “A” and “A”) eigenmodes. The associated decay
exponents Ay and A, are obtained according to Eq. 10,
replacing A, with |4|, where k=3,5,10. According to this
notation, A=A,. The quantitative agreement between A; and
A;p  for higher-order eigenmodes, indicates that the purely
advecting mapping simulation are able to capture all the rele-
vant spectral structure of the advection—diffusion operator, thus
providing a reliable approximation for its global dynamics. It
further indicates that the purely advective mapping method is
a powerful and computationally highly efficient (compared to
the direct analysis of the advection—diffusion operator) alterna-
tive to investigate advective-diffusive transport problems for
high Péclet values, which can be applied without difficulty to
realistic models of industrially used static mixers.

Estimate of numerical diffusion

As addressed in previous section, the dominant decay
exponent Ay, obtained from the diffusive mapping analysis
provides an accurate estimate of the dominant decay expo-
nent A of the advection—diffusion operator up to a critical Pe
value, proportional to the effective Péclet number. This is

394 DOI 10.1002/aic
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due to the fact that coarse-graining induces a “zero-level dif-
fusivity” by discretization, the intensity of which is
expressed by the nondimensional number Pe.y, which
superimposes to molecular diffusion.

This section addresses the estimate of the effect of numer-
ical diffusion, and how it depends on the mesh resolution
and on the flow protocol. Thereby, the analysis is splitted in
two cases: (a) at large Péclet values, the effect of molecular
diffusion is completely overwhelmed by numerical diffusion
and the spectral properties of the diffusive mapping matrix
converge to those of the purely advective one; (b) at lower
Péclet numbers molecular and numerical diffusion cope with
each other, and their relative influence depends on the actual
Pe value compared to the effective Pe.y quantifying the
intensity of numerical diffusion.

Figure 7 shows the dependence of dominant decay expo-
nent App of the diffusive mapping matrix on the Péclet
number, at different resolution of the flow domain. As the
Péclet number Pe increases, for a fixed mesh resolution, the
value of Ay, gradually converges toward the constant value
A;]p that corresponds to purely advective case, denoted by
dashed horizontal lines.
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Figure 5. Comparison of the prediction for the dominant decay exponent by using the purely advective mapping

H c
matrix Ap,

and A deriving from Galerkin expansion. Markers “@”

refer to A

“+” to Amp and “O” to A.

mp?

Panel (a) refers to B, =1; panel (b) to ,,,, =4; panel (c) to B,,, =8; and panel (d) to f,,, =10. The dotted lines (lines a and b
in the case crossover phenomena occur) represent the scaling A=Aﬁ,p ~Pe P,

The graphs of App vs. Pe (solid lines in Figure 7) corre-
spond to the curve expressed by Eq. 12, where the only
unknown parameter is just the prefactor po. Therefore, pg
can be determined using the curves depicted in Figure 7. To
estimate the prefactor py, the dependence of Ay, on Pe was
build for four different triangular meshes with different
Ax=N_'. Markers “[J” correspond to a mesh with lattice
size Ax=0.1 that contains 760 elements; “O” to Ax=0.05
and 2940 elements, “<” to Ax=0.025 and 11,536 elements,
and “A” to Ax=0.015 and 31,776 elements. Using data
depicted in Figure 7 and Eq. 12, the prefactors pq for differ-
ent protocols of PPM were determined by means of a one-
parameter nonlinear regression. Table 2 reports the values of
the prefactor p, so obtained for the PPM protocols
considered.

As can be observed, the values of p, for the different
PPM protocols are order of 10 and higher. This means that

Table 1. Scaling Exponent  Characterizing the Behavior
of the Dominant Decay Exponent with Pe for Different
Protocols of PPM

1 4 8 10

0.73 for Pe < 5X10° 0.87 0.56 for Pe < 6 X 10°
0.94 for Pe > 5x 10° 0.83 for Pe > 6 X 103

B 0.93
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Figure 6. Decay exponents of the purely advective

mapping matrix A

mpk VS- Peex (filled

markers “l,” “@®,” and “A”) and A, obtained
from the Galerkin expansion of the advec-
tion—diffusion operator (empty markers “[],”
“o,” and “A”) vs. Pe =Pe ¢

Index k indicates the order of the eigenmode. Markers

“[7” and “W” refer to the third (k=3), “<{” and “@®” to
the fifth (k=5), “A” and “A” to the tenth (k=10)

eigenmode.
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Figure 7. Dominant decay exponent Ay, vs. Pe for different resolution of the domain.

Panel (a) corresponds to the case f,,, =1, (b) to f,,,, =10. Solid lines represent the graph of the curve expressed by Eq. 12.

by choosing a resolution of N. ~ 10 is it possible to reach
values of the effective Péclet number of about 10’ —10%, and
use the purely advective mapping matrix to address in a reli-
able way laminar chaotic mixing for large Péclet values.

Axial diffusion

The extended mapping technique applied to open-flow
devices is able to include the effect of axial diffusion, simply
by replacing the stochastic differential equation 6 with Eq. 7.
In the previous paragraphs, we have neglected this contribu-
tion, as in the overwhelming majority of practical devices
the geometrical aspect ratio o is much greater than 10, and
corresponding the influence of the axial diffusive terms is
order of magnitude smaller than transverse diffusion.

In this paragraph, we briefly explore its effect on the
eigenproperties. Figure 8 panels ¢ and b shows the behavior
of Apyp in the presence of axial diffusion as a function of the
Péclet number at two values of Bopm =1, 10, for o=5 and
«=20. The value a=5 corresponds to a rather extreme
“wide-bore” mixing unit. In any case, as can be observed
from the data depicted in Figure 8, axial-diffusion influences
the dominant decay exponent solely for small values of o
and for Pe < 10%. As the Péclet number increases its influ-
ence is completely immaterial on the behavior of the domi-
nant decay exponent, and of the higher eigenmodes (not
shown for the sake of brevity). This justifies the assumption
of neglecting it, as enforced in the previous paragraphs.

Spectral analysis of diffusive mapping matrix

Let {/x,vi};_, be the countable system of eigenvalues
(4) and eigenfunctions (v;) of ®, ®v,=4,v;. Due to the
coarse-graining, the eigenvalues of the mapping matrix are
influenced by numerical diffusion. This influence can be neg-
ligible if the Péclet number is at least one order of magni-

Table 2. Prefactor py vs. Parameter of the Flow f,,

Bopm 1 4 8 10
Do 33 40 20 60
396 DOI 10.1002/aic Published on behalf of the AIChE

tude smaller than the mesh effective Péclet number Pe ., or
can completely control diffusive processes for Pe > Pe o .

The eigenvalues are bounded by || < 1,>**® meaning
that eigenmodes either decay exponentially in time (|4;| < 1)
or persist indefinitely (]4¢|=1). The eigenvalues of the map-
ping matrix can be ordered in such a way that
2| > 42| > |23] > --- > || > ---. The mapping matrix
always possesses a nondegenerate real-valued persistent
eigenmode with |4;|=1 due to mass conservation.’>** The
persistent mode determines the asymptotic state C., for
z — oo. For the purely advective mapping matrix, for
generic mesh structure, the eigenvalues /; with £ > 1, gradu-
ally decline from unit modulus as the mode number &k
increases. This is a consequence of numerical diffusion, as
all the eigenvalues of the continuum advection operator
should possess a modulus strictly equal to 1. The concept of
generic meshes should be briefly explained. The eigenvalues
of the purely advective mapping matrix are for almost all the
meshes strictly less than 1 in modulus, apart for specific sub-
ergodic partitions {Q,—}f.vil (forming a subset of zero measure
in the space of all the possible meshes) such that the union
of a finite number of elements of {Q,-}?il coincides with an
invariant subset of the kinematics.

Decaying modes with |1;] < 1 determine the progression
toward the asymptotic state. The contribution of each mode
after n iterations, that is, at the outlet section of the n-th unit
mixing modulus, is weighted by the decaying factor |A;|".
After a transient, the progression toward the asymptotic state
becomes dominated solely by the slowest-decaying eigenmo-
de(s). Figure 9 illustrates the eigenvalue spectrum of the first
30 dominant eigenmodes for f8,,, =1 panel a and f,,,, =10
panel b. The values of A;(k=1,...,30) were obtained from
the diffusive mapping matrix at different Péclet numbers and
from the purely advective matrix (corresponding to
Pe =Pe eff )

Let us first consider the purely advective case (the eigen-
values are denoted by “O”). The difference A1=|1,|— || ~
1073 for Bopm =1 is negligibly small. The moduli of the
eigenvalues from the second to the fourth A;(k=2,3,4) are
extremely close to each other. Therefore, the evolution of a
scalar field (progression toward the asymptotic state) is pri-
marily determined, in this case, by the first four modes.*
The corresponding eigenvectors are localized at the major

January 2014 Vol. 60, No. 1 AIChE Journal
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Figure 8. Dominant decay exponent of the diffusive mapping matrix Amp vs Pe¢ (markers “+”) without axial diffu-
sion.

Markers “A” correspond to Ay, including axial diffusion at =20; markers “O” at a=35. Panel (a) corresponds to f,,,, =1 and
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quasiperiodic islands, see Figure 12, and their spatial profiles
are similar to Poincaré section depicted on Figure 3 panel a.

For ﬁpmeIO, a similar tendency is also observed for the
eigenvalues Al=|/,

pared to purely advective mapping matrix. This means that
for large n, the quantity |A4]" decays much faster along the

—|J4] ~107*, as for structure of the

corresponding eigenvectors vi(k=2,3,4).

The inclusion of the molecular diffusion changes the spec-
tral picture, especially as it regards the spectral gap between
the first dominant eigenvalues. The difference A4 between
second dominant eigenmode and the immediately subsequent

ones increases significantly. For instance, at Pe=10° for
Bppm =1, the second and third eigenvalues {/»,/3} form a
complex conjugate pair with modulus |4,]=0.9341. The dif-
ference A/ with respect to the next following eigenmode 4
is AA=|Ay|—|/4] = 0.008 and is considerably larger com-

i ]
GE0GEaaganaag
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(a)

axial coordinate, suppressing the influence of the fourth
mode after few iterations. Therefore, after a very short tran-
sient, the role of all modes with index k > 4 becomes practi-
cally insignificant. For f,,, =10, the situation is analogous,
AJ=|/2|—|24] = 0.076 for Pe =10°. Thus, decreasing Péclet
number, the spectral gap, between the second (dominant)
eigenmode and the higher ones becomes more pronounced.
Eventually, asymptotic state is mainly determined by this sin-
gle mode. For large Péclet numbers (Pe — o0), the decay

toward the asymptotic homogeneous state is controlled by a

set of dominant modes with eigenvalue moduli |/;| extremely
close to each other. The spatial structure of the corresponding
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Figure 9. Eigenvalue spectrum of the first 30 dominant eigenmodes associated with the PPM flow at different val-

ues of Péclet number.

Markers “O” correspond to || obtained from the purely advective mapping matrix (Pe =Pe ). Markers “[]” refer to eigenval-
ues of the diffusive mapping matrix with Pe =10%; “O” to Pe =10*; “A” to Pe =10°. Panel (@) refers to Bppm =1; panel (b) to
Bppm =10; The mesh structure used to generate the mapping matrices contains N=31,776 elements.
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Figure 10. Dominant eigenvectors V of the diffusive mapping matrix for f,,,, =8 at Pe =105,

Panel (a) refers to v,; panel (b) to v3; panel (c) to v4; and panel (d) to vs. Green color corresponds to a zero value of vk, red

and blue to a maximum and minimum values, respectively.

eigenfunctions (all real-valued) for k=2,3,4,5 is depicted in
Figures 10 and 11 for f,,,, =8 and f,,, =10, respectively. As
can be observed, all these eigenfunctions are localized at the
main quasiperiodic regions of the corresponding Poincaré sec-
tions (see Figure 3 panels d and e), but the spatial profile of
the eigenmodes develops also in the form of a filamentous,
flamelet-like structure throughout the main chaotic region.
This phenomenon is more pronounced for f,,, =10, while
can be observed at f,,, =10 solely starting from the fifth
eigenfunctions (being the previous ones almost exclusively
localized at the four main quasiperiodic islands). The presence
of these flamelet-like patterns is an indication of an active
transport (material exchange) amongst the main regular sub-
sets and the chaotic region that is still active for relatively
high Péclet values (order of 10%).

The eigenvalues in the diffusive case, especially for rela-
tively high diffusivity, show a more pronounced and sudden
drop from 4; to 4, (e.g., for Pe =10> the dominant eigen-
value equals 4, =0.9341 for fi,,, =1) and this leads to better
mixing performance.*® This phenomenon is a direct conse-
quence of the changes in the eigenmodes properties. Figures
12 and 13 illustrate these properties, and how the eigenmode
structure changes as a function of the Péclet number. For a
better illustration, typical eigenfunctions in the range k €
[2,50] are selected. For each eigenmodes (the value of k is
indicated below) symbol R stands for real-valued eigenfunc-

y Y e N

- >

(a) (b)

® (o

|
= / \\ -
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tions, while R* indicates that eigenfunction multiplicity
occurs: eigenvalue/eigenfunction arises as a complex conju-
gate pair, and the real part is illustrated. In order to follow
the connection between invariant regions of the Poincaré
section and eigenmode structures, eigenmodes at different
value of the modal number k should be compared.

Figure 12 depicts the typical structures of the dominant
eigenvectors v (in the range k € [2,50]) for the PPM flow at
Bppm =1. The first dominant/persistant eigenmodes (with ||
closest to the unity) typically correspond to the major invari-
ant quasiperiodic islands. This tendency characterizes the
behavior of the advection—diffusion operator starting from
relatively small values of Pe (order of 10%), see Figure 12
panel a. In the purely advective case, when diffusive contri-
bution arise purely due to the coarse-graining with corre-
sponding Pe =Pe ¢, the spatial structure of the transient
eigenmodes is consistent with that of the Poincaré section,*®
see Figure 12. The structure of small-scale regular islands
observed on the Poincaré sections accurately superimposes
on the regions where the eigenmodes are mainly localized
(Figure 12, advection, panels c—d). Decreasing the Péclet
number, transient eigenmodes for small-scale regular zones
gradually degenerate to more complex patterns, as clearly
illustrated in Figure 12 panel d and in Figure 13.

In the range k=[2,50], these eigenmodes degenerate into
spatial structures which are distributed exchange zones

e
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Figure 11. Dominant eigenvectors V of the diffusive mapping matrix for f,,, =10 at Pe =10°.

Panel (@) refers to v,; panel (b) to v3; panel (C) to v4; and panel (d) to vs.
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Figure 12. Typical eigenvectors V, (k=2,30) of the mapping matrix for B,,,, =1 at several values of the Péclet num-
ber Pe c[10%,10°] and in the purely advective case (Pe =Pe ).

amongst the chaotic regions and large-scale regular islands.
Figure 12 panel ¢ shows a partial degeneration of the mode,
the corresponding eigenvector is localized onto two symmet-
ric medium size islands in the center of the domain. Increas-
ing the influence of diffusion, the boundaries of the islands
gradually diffuse and grow in size, although general structure
is preserved.

The pictorial illustration of eigenmodes degeneration and
how it depends on the Péclet number is depicted in Figure

AIChE Journal January 2014 Vol. 60, No. 1
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13 for PBypm=1,10,20. The case P, =10, similarly to
Bppm =1, is characterized by the existence of regular islands
with different sizes. Small-scale regions are represented by
two pairs of quasiperiodic island. Particularly interesting is
the influence of diffusion on the transient eigenmodes that
correspond to these invariant regions. In the purely advective
case patterns of small-scale islands, where the eigenmodes
are localized, clearly match the corresponding invariant
structures of the Poincaré sections, see Figure 13 panel d.
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Figure 13. Typical eigenvectors of the mapping matrix, in the range (k=2,50), for different values of f,,, at several
values of the Péclet number: panel (a)Pe =10% panel (b)Pe =10%; panel (c)Pe =10°% panel (d) purely

advective case (Pe =Pe ¢f).

The inclusion of the diffusion leads to a degeneration of
these structures as discussed for f,,,, =1. Eigenvectors of
transient eigenmodes degenerate into more complicated
structures that involve the overlapping of other regular zones
with the main chaotic region, see panels a and b.

The Poincaré section for fi,,,, =20 reveals the existence of
eight small-scale regular periodic islands, and their structure
reflects into localization patterns of some of the dominant
eigenmodes for high Péclet numbers.****® Figure 13 panel
d shows the second dominant eigenmode for f,,, =20. This
case corresponds to a gradual degeneration of the spatial
invariant pattern. Such behavior can be also observed as a
function of f,,,,. The parameter f8,,, is proportional to the
length of periodic unit. Consequently, for constant axial
velocity, by increasing f,,, the characteristic time needed
for particle to reach the outlet section of the mixing unit also
increases. This fact explains the influence of ﬁppm on the
degeneration of the spatial patterns of the eigenmodes. For
Bppm =20, the degeneration of small-scale islands occurs

400 DOI 10.1002/aic
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even for Pe =10, see Figure 13, as opposed to the case
Bopm =1 when even at Pe =10’ the structure of small-scale
invariant islands can be still observed.

Comparative analysis of the spatial structures of the domi-
nant eigenvectors obtained by the mapping method and anal-
ysis of the advective-diffusive operator shows a good
agreement. However, such analysis is out of the scope of the
present article.

To sum up, the spectral analysis of the diffusive mapping
matrix is an efficient tool for investigating the fine structures
associated with advective-diffusive transport. It reveals the
detailed properties of the distributive mixing, and the pat-
terns arising a consequence of the exchange between differ-
ent kinematic invariant regions. Ultimately, all relevant
information is stored in the eigenmodes, and the analysis of
their spatial patterns, and especially of the influence of the
Péclet number on their profile, is a valid alternative to the
“frozen” picture arising from the analysis of the kinematic
Poincaré sections.
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Figure 14. Initial distribution of concentration at the
inlet cross section of the PPM.

In this sense, the analysis of the eigenmodes provides a
powerful and efficient approach that provides all detailed
information about the existence of regular zones, their inter-
action as a function of the intensity of the diffusive trans-
port, and their distribution in the flow domain.

Advective-Diffusive Transport: Concentration
Evolution

As discussed in the previous sections, the diffusive
mapping-matrix approach is a computationally powerful and
quantitatively reliable method for investigating advection—
diffusion processes. In this section, we analyze the spatial
evolution of the concentration field for different values of
the Péclet number and flow protocols. As discussed in previ-
ous paragraph, the impact of diffusion along the axial direc-
tion is practically negligible with respect to transverse
diffusion in all the cases of practical interest.

As initial (inlet) condition, we consider a segregated con-
centration distribution with Cp;=0 for the elements ; for
which the corresponding abscissa x; lies in the interval
—1<x; <0, and Cp;=1 for 0 < x; < 1, see Figure 14. The
simulations refer to a mesh with linear size Ax=0.005, con-
taining 281,442 elements.

Static mixers of engineering practice consist of a finite
number of units. Consequently, the analysis of the mixing
process for small values of n is also relevant in the applica-
tions. Figure 15 shows the evolution of the inlet state (Figure
14) over the first 10 units for f,,, =1. We consider
advective-diffusive mixing modeled by the diffusive map-
ping matrix at several Péclet number (Pe = 1037 10*,10°) and
compare them with the simulations obtained by the purely
advective mapping matrix, the effective Péclet number of
which is above 10°.

At fypm =1, invariant regular islands of quasiperiodic
motion of different sizes, are distributed all over the cross-
section of the mixer, see Figure 3 panel a. As discussed
above, the material exchange between different invariant
islands of quasiperiodicy can occur solely by diffusion. For
the chosen initial conditions, see Figure 14, regular islands
are filled by fluid at uniform solute concentration. First, con-
sider the purely advective mapping matrix, for which
coarse-graining acts as a superimposed diffusive contribu-
tion, corresponding Pe.; ~ 1.3X10°. After 10 periods of
mixing, the concentration profile resembles closely the spa-
tial structure of the corresponding Poincaré section, see Fig-
ure 15 panel d.
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Variation of the Péclet numbers results in considerable
changes of the mixing patterns. Decreasing Pe, rapid diffu-
sion of the small-scale islands occurs. At Pe =10* (panel b)
after 10 period, the system of small-scale islands located in
the center of the domain is almost completely destroyed. At
Pe =10 (panel a), the central region becomes uniformly
mixed after 10 period. At the same time, the boundaries of
the major islands shrink in size, leading to a more efficient
homogenization process.

A similar situation is observed for the other values of the
control parameter f,, . Evolution of the concentration field
starting from the same inlet condition at f,, =8 and
Bppm =10 is illustrated in Figures 16 and 17, respectively.

The quantification of the homogenization performance can
be obtained by using the discrete intensity of segregation.
Figure 18, panels a—c illustrates the dependence of the inten-
sity of segregation /4 on the number of units n for several
values of B, and Pe.

The intensity of segregation /4 is a measure of the devia-
tion of the local concentration from the perfectly mixed con-
dition, which represents a homogeneous state of the mixture.
Decrease of the Péclet number, in all cases of parameter
Bppm » leads to faster decay of Iy along the axial coordinate
and consequently to better mixing performance. This shows,
if still necessary, the importance of including the effect of
molecular diffusion in the simulation and optimization of
mixing processes. As can be observed from the data reported
in Figure 18 panels b and c, the decay rate of /; as a func-
tion of the number n of the mixing unit, for fixed Pe is
much higher for f,,, =8, and B, =10 than for f,,, =1.
This is not surprising, as the parameter f3,,, is proportional
to the length 2L of the mixing unit, and consequently is pro-
portional to the characteristic travelling time At for a fluid
particle to pass the unit of the mixer. The effect of the diffu-
sion becomes more pronounced as At increases (simply as a
consequence of the Einstein’s relation®").

Conclusions

This article has proposed the extension of the mapping
matrix approach to include the effect of molecular diffusion
in the analysis of open-flow devices and static mixers.

The way the inlet/outlet mapping matrix is constructed is
essentially Lagrangian, but it enforces a stochastic differen-
tial equation (Langevin equation) for fluid particle motion,
in which diffusion enters as a stochastic contribution. This
way of generating diffusive matrices admits several signifi-
cant advantages, especially when applied to realistic mixing
devices characterized by a complex internal geometry and
by nontrivial flow fields. The main advantage is that it pro-
vide an Eulerian (albeit coarse-grained) description of the
interaction between advection and diffusion, and ultimately
of the mixing process, by solely solving a stochastic Lagran-
gian kinematics for the advecting-diffusing particles, in
which the effects of any complex geometry of the device
impacts solely on the implementation of the reflecting
boundary conditions at the solid boundaries of the mixing
unit.

Therefore, the analysis developed in the present article for
the PPM applies as is, without modifications or extra com-
putational efforts to any other model of a realistic static
mixer.

The approach proposed is suited for describing, steady and
unsteady conditions, and to include if necessary the effect of
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Figure 15. Distribution of concentration in the PPM for B, =1 after n=1,2,5,10 periods.

Panel (a) depicts the evolution of mixing patterns for advective-diffusive mixing at Pe =10%; panel (b) at Pe =10*; panel (c) at
Pe =10°. Panel (d) corresponds to the purely advective case. The mesh contains 281,442 elements and the effective Péclet number

equals Pe o ~ 1.3x10°.

axial diffusion. However, in practical mixing equipment for
Pe > 10? and realistic aspect ratios, the effect of axial diffu-
sion is completely negligible.

One of the main byproduct of the present analysis of the
diffusive mapping matrix is the fact that this approach has
recast the purely advective mapping method in a new light,
namely as a reliable approximation for advective-diffusive
transport, due to the effect of numerical diffusion. An often
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undesired effect, such numerical diffusion, here is enforced
in a coarse-grained formulation of pure advection, just to
mimic, in a reliable and quantitative way, the more realistic
advection—diffusion process. This is made possible due to
the concept of the effective Péclet number and of its simple
dependence on the mesh resolution.

Numerical results (see Figure 5) have shown that the dom-
inant decay exponent deriving from purely advective
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Figure 16. Distribution of concentration in the PPM for g, =8 after n=1,2,5,10 periods.

Panel (a) depicts the evolution of mixing patterns for advective-diffusive mixing at Pe =10%; panel (b) at Pe =10%; panel (c) at
Pe =10°. Panel (d) corresponds to the purely advective case (for the mesh used, containing 281,442 elements, Pe . ~ 10°).

mapping simulations and its eigenfunctions (as well as for
higher-order modes, Figure 6) provide an accurate estimate
of the corresponding quantities associated with the contin-
uum advection—diffusion operator at a value of the Péclet
number equal to the effective Péclet number of the mesh.

In this way, it is possible to simulate mixing process at
extremely high values of Pe (Pe ~ 107 —10°), just increasing
mesh resolution and performing purely advective (nonsto-
chastic) kinematics. This is a major practical result compared
to the existing numerical methods (finite elements, finite vol-
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umes, or Galerkin expansions), the range of validity of
which in mixing analysis over realistic computational struc-
tures hardly exceed Pe =10°.

We have thoroughly discussed the spatial structure of the
eigenmodes and their relation with the main kinematic invariant
sets (quasiperiodic islands) that characterize the Poincaré sec-
tion of the kinematic (diffusionless) equation of motion. In
point of fact, from the structure of the dominant eigenfunctions
and of the higher-order modes, coupled with the estimate of
their mutual spectral gaps, it is possible to achieve a very

DOI 10.1002/aic 403



Figure 17. Distribution of concentration in the PPM for g,,,, =10 after n=1,2,5,10 periods.

Panel (a) depicts the evolution of mixing patterns for advective-diffusive mixing at Pe =10%; panel (b) at Pe =10*; panel (c) at
Pe =10°. Panel (d) corresponds to the purely advective case (Pe s ~ 2X10°).

detailed qualitative understanding of the of a mixing process
and of the geometry of the resulting partially mixed struc-
tures. This qualitative picture, deriving from the analysis of
the eigenfunction profiles, is in some sense more general, and
physically more significant, than the inspection of the pure
diffusionless Poincaré section. The actual generation of scien-
tists and engineers in the field of laminar chaotic mixing has
grown with the kinematic paradigm based on Poincaré sec-
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tions, Lyapunov exponents and so forth.” This paradigm is a
part of a bigger paradigm in which diffusion enters, made by
eigenfunctions and eigenvalues of transport operators, on
which probably the next generation will grow up. The
extended mapping matrix and its implications (such as the
use of the purely advective mapping matrix as an advection—
diffusion emulator) makes this new paradigm simple and
computationally efficient to use.
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Figure 18. Dependence of the intensity of segregation /4 on the number of mixing units n.
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Markers “O” refer to the purely advective mapping matrix, “(]” correspond to advective-diffusive mixing at Pe =10%; “O” at
Pe =10*; “A” at Pe =10°. Panel (a) refers to Bppm =1; panel (b) to .., =8; panel (c) to B, =10.

mapping matrix, entries of the mapping matrix
Eigenvalues/eigenvectors of the mapping matrix

dominant decay exponent of the advection—diffusion opera-

tor, see Eq. 10

dominant decay exponent of the diffusive/advective map-

ping matrix

eigenvalue

concentration field

concentration vector after n periods
Péclet number, effective Péclet number
linear size of the element in the mesh
value inversely proportional to Ax
number of particles in the cell of the mesh
Prefactor

control parameter of PPM

time

period of the flow

velocity field

transverse and axial coordinate
transverse and axial velocity
vector-valued stochastic process

realization of normally distributed independent random

variable

transverse cross-section of the mixing device
probability density function

intensity of segregation

time step in Euler-Langevin scheme

sizes of PPM

polar coordinates
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Q; = cell in the mesh
N = number of cells in the mesh
Ng = truncation order of the Fourier expansion
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Substituting the representation 20 into equation, one obtains for
the matrix representation C*(z)=(c%,(z))M _o,a=U,D of the
Fourier coefficients the linear system of equations

(A4)
If we set ¢ (r)=cos(mnr), s (r)=sin(mnr),c’(0)=cos (nb),
sin?(0)=sin (n0), the matrlces B:( (mn (hk )[,V”h”k o» and simi-

larly for the others AN A® p) p& pE)y, entering Eq. A4
are given by

By = j dj 2, 0)c ()l (r) e (0) (),

1

1 n
Ay =t ar| 2o 00,050 0D

(2)
A(m n)(h, k)

c2(0)sY(0)do

1 71
D=1 | | 000001t 0)do

0 0
1 2

Dgif_nxh’m =hnL rerO e (r)s5(r)c(0)cl(0)do,
1 T

Dgfn)n)(h_k) =k2.[0 rerO c (r)eh (r)cl(0)c (0)do.

The matrices B,A(k),k:1,2 have been calculated in closed
form by quadrature representing the velocity field on a very
refined mesh, and using within each mesh element a bilinear
interpolation for the velocity components. The matrices D®,
k=1,2,3 can be calculated in closed form.

As the second half modulus of the PPM basic unit is just a rota-
tion of the first modulus by an angle 7/2, instead of rewriting
the advection—diffusion equations, it is more convenient to
enforce this symmetry, and rotate the coordinate system by an
angle 7/2. Let ¢*, =R, L be the representation of the concentra-
tion field in the second half unit (see Figure Al). The fields
ct(r,0,z) and cR(r,0,z) can be expressed in Fourier series 20,
and satisfy the balance Eq. A4. These two field at the inlet sec-

— (D“) +DP+D ) C*2=U,D.
" Pe '

tion of the second half unit ¢£(r,0,0) and c®(r,0,0) are related
to the fields ¢Y(r,0,1) and ¢P(r,0,1) of the first half unit by

the equations
¢t (r,0,0)= {CU(KGM/Z’ D 6e0m/2)
AP 0+n/2,1) 0€ (n/2,7)
R(r.0,0)= {c;/(r,()-i-n/Z, 1) 0¢€ (3n/2,2n) (
P(r,0+m/2,1) 0 € (n,31/2)

(A5)

A6)

By substituting the Fourier expansions 20 for the fields
cY,cP, ct, R into Eqs. A5-A6 a matrix equations for the Fourier

coefficients can be obtained

ch(0) HYY HY\ (cY(1)

CR (0) HRU HRD CD ( 1 ) ’
The block matrix H, the blocks of which are H.Y,
H? H®Y H" simply expresses the rotation of 7/2 in the Fou-
rier representation of the scalar field inside PPM at the cross-
section separating the two half units.
Finally, to restore the initial orientational configuration at the
exit cross section of the second half unit, a rotation of —m/2
should be performed in the Fourier representation. Let K be the

block matrix representing this operation in the Fourier represen-
tation of the scalar field,

KUR

KPR |’

KUL
K=
KDL
The matrix K is the inverse of the matrix H. Let I' be the
matrix

(AT)

(A8)

1
—R- 2 2 3
r=p-! [[)’ppm (a0+42) =L (D0+p2+p >)]
Gathering together these expressions, the matrix representation of
the evolution operator Mg, mapping the concentration field from
the inlet to the outlet cross sections of a PPM unit is given by

KUL KUR er O HLU HLD eF O
Mc= KPL KPR 0 oF HRU  HRP 0 &)

(A9)
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